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A new algorithm for omputer searhesfor orthogonal designsS. Georgiou, C. Koukouvinos, M. Mitrouliy, and Jennifer SeberryzAbstratWe present a new algorithm for omputer searhes for orthogonaldesigns. Then we use this algorithm to nd new sets of sequenes withentries from f0;a;b;;dg on the ommuting variables a; b; ; dwith zero autoorrelation funtion.AMS Subjet Classiation: Primary 05B15, 05B20, Seondary 62K05,62K15Key words and phrases: Algorithm, matrix based, extension, orthogonaldesign, searh.
1 IntrodutionAn orthogonal design A, of order n, and type (s1; s2; : : : ; su), denotedOD(n; s1; s2; : : : ; su), on the ommuting variables x1; x2; : : : ; xu; is a squarematrix of order n with entries from f0;x1; : : : ;xug where for eah k, xkours sk times in eah row and olumn and suh that the distint rows arepairwise orthogonal.In other words AAT = (s1x21 +   + sux2u)Inwhere In is the identity matrix.Department of Mathematis, National Tehnial University of Athens, Zografou15773, Athens, Greee.yDepartment of Mathematis, University of Athens, Panepistemiopolis 15784, Athens,Greee.zShool of IT and Computer Siene, University of Wollongong, Wollongong, NSW,2522, Australia. 1
Some small orthogonal designs are given in the following example, see[6℄.Example 1 Some small orthogonal designs. OD(4; 1; 1; 1; 1) is the Williamsonarray."x yy  x# ; 26664a  b    db a  d  d a  bd   b a37775 ; 26664 a b b d b a d  b b  d a b d b  b a37775 ; 26664a 0   00 a 0  0 a 00   0 a37775OD(2; 1; 1) OD(4; 1; 1; 1; 1) OD(4; 1; 1; 2) OD(4; 1; 1) 2It is known that the maximum number of variables in an orthogonal designis (n), the Radon number, dened by (n) = 8+2d, where n = 2ab, b odd,and a = 4+ d; 0  d < 4.A weighing matrix W = W (n; k) is a square matrix with entries 0;1having k non-zero entries per row and olumn and inner produt of distintrows zero. Hene W satises WW T = kIn, and W is equivalent to anorthogonal design OD(n; k). The number k is alled the weight of W . Ifk = n, that is, all the entries ofW are 1 andWW T = nIn, thenW is alledan Hadamard matrix of order n. In this ase n = 1; 2 or n  0(mod 4).Given a set A of ` sequenes, the sequenes Aj = faj1; aj2; :::; ajng, j =1; : : : ; `, of length n the non-periodi autoorrelation funtion (abbreviatedas NPAF) NA(s) is dened asNA(s) = X̀j=1 n sXi=1 ajiaj;i+s; s = 0; 1; :::; n   1: (1)If Aj(z) = aj1 + aj2z + : : : + ajnzn 1 is the assoiated polynomial of thesequene Aj , thenA(z)A(z 1) = X̀j=1 nXi=1 nXk=1 ajiajkzi k = NA(0)+X̀j=1 n 1Xs=1NA(s)(zs+z s): (2)Given A`, as above, of length n the periodi autoorrelation funtion (ab-breviated as PAF) PA(s) is dened, reduing i+ s modulo n, asPA(s) = X̀j=1 nXi=1 ajiaj;i+s; s = 0; 1; :::; n   1: (3)2
The following theorem whih uses four irulant matries in the Gorthals-Seidel array is very useful in our onstrution for orthogonal designs.Theorem 1 [3, Theorem 4.49℄ Suppose there exist four irulant matriesA, B, C, D of order n satisfyingAAT +BBT +CCT +DDT = fInLet R be the bak diagonal matrix of order n, i.e. R = (rij) where ri;n i+1 =1; and rij = 0 if j 6= n  i+ 1: ThenGS = 0BBB A BR CR DR BR A DTR  CTR CR  DTR A BTR DR CTR  BTR A 1CCCAis aW (4n; f), i.e a weighing matrix of order 4n and weight f , when A, B, C,D are (0; 1; 1) matries, and an orthogonal design OD(4n; s1; s2; : : : ; su)on x1; x2; : : : ; xu when A, B, C, D have entries from f0;x1; : : : ;xug andf =Puj=1(sjx2j). 2Corollary 1 If there are four sequenes A, B, C, D of length n with en-tries from f0;x1;x2;x3;x4g with zero periodi or non-periodi auto-orrelation funtion, then these sequenes an be used as the rst rows ofirulant matries whih an be used in the Goethals-Seidel array to forman OD(4n; s1; s2; s3; s4). We note that if there are sequenes of length nwith zero non-periodi autoorrelation funtion, then there are sequenes oflength n+m for all m  0. 22 The resultsWe now give the new orthogonal designs of order 44 onstruted from fourirulants found by the algorithm desribed in setions 3 and 4.
3
Tuple Sequenes(2,2,4,36) NPAF=0 b a a a -a a a -a d a -ab a a a -a a -a a -d -a ab -a -a -a a -a -a -a - a ab -a -a -a a -a a a  -a -a(2,2,8,32) NPAF=0 a d  -d d -d d -d -d  da -d - d -d d -d d d - -db d  -d d d d d d - -db -d - d -d -d -d -d -d  d(1,1,1,36) PAF=0 a -b b -b -b -b b b b -b bb b b 0 b b 0 b 0 0 0b -b b b b -b -b -b b -b b -b b b b -b -b -b b -b d(1,1,2,32) NPAF=0 a 0 a a a a - -a 0 -a aa a 0 a  -a a -a a 0 aa -a 0 a a -b -a -a 0 a -aa a 0 -a a -d -a a 0 -a -a(1,1,8,32) PAF=0 a -a - a a 0 a a - -a aa a  a -a 0 -a a  a aa -a  a a -b -a -a - a -aa a - a -a -d a -a  -a -a(1,2,9,32) PAF=0 a a -a -a  -a -a d -a -a -da -a -d -a a -a -a - -a -a da a -b -a -a -d a -a a -a da a -a a -d -a -a -d -a a -d(2,2,8,32) NPAF=0 b b - -b - a -b b b -b -bb -b -b b b a  -b  b -bb b - b  -d b -b b -b bb b b b b d  -b - -b bTable 1: Four variable sequenes of Length 11 whih yieldOD(44; s1; s2; s3; s4).4
Tuple Sequenes(1,3,38) PAF=0 b -b b b b a -b -b -b b -bb -b b -b b b b - -b -b bb b b 0 b b -b -b b - -bb 0 b b -b b  -b b b b(1,4,34) PAF=0 a a -a a -a a -a -a  0 a a -a -a a -a a a -a -a -ba -a a 0 -a -a a -a -a -a 0a - 0 -a -a -a -a -a -a 0 (1,4,36) PAF=0 a -b b -b -b -b b b b -b bb -b -b -b -b  - -b -b -b 0b b b 0 -b b -b -b -b  b -b b -b b -b -b b b -b 0(1,5,36) PAF=0 a -b -b b b -b b -b -b b bb -b b b - b b  b b 0b b - b -b b -b 0 -b -b -b -b -b -b b -b -b b b b (1,11,30) PAF=0 a a -a -a -a a  -a   0a a -a -a -a  -a - -a a a a a a -  - a   0a -a -a a -a a -a a a -a -b(1,2,38) NPAF=0 b b b -b b a -b b -b -b -bb -b - b -b -b -b b b b 0b b b -b -b b -b  b -b 0b b b -b b 0 b -b b b b(2,11,31) PAF=0 a -b -b b b - b  b b -a b -b -b -  -b -b -b b b -b b -b - -b -b b -b -b b - b -b -b -b b -b -b - -Table 2: Three variable sequenes and Length 11 whih yieldOD(44; s1; s2; s3).5
Tuple Sequenes(3,6,32) PAF=0 a a a a -a -a b -a -b -a 0a b -a a -a -a a a -a  ba -a -a 0 -a a -a -a -a  -ba -a - -a a -a -a -a 0 -a b(5,7,32) PAF=0 a a a a -a -a -a  b -a a -b a -a -a a a -a -b -a a -a -a a -a -a -a - b -a a -a a -a a a b a b a -b(1,10,14) NPAF=0 a -a -a a b a b b b -ba -a -a -a b -a b -b -b ba  -a 0 0 0 0 0 0 0a 0 a 0 0 0 0 0 0 0(1,8,24) PAF=0 a b -b b b b -b -b -b b -bb -b 0 -b -b -b 0 0 0 -b 0b b -b b    - 0 0 0b -b -b -b  -   0 0 0(1,10,16) PAF=0 a b -b b b b -b -b -b b -bb -b 0 -b -b -b 0 0 0 -b 0  -  0  0 0 0 0 0  - - 0 - 0 0 0 0 0(1,5,21) PAF=0 a b -b b b b -b -b -b b -bb -b 0 -b -b -b 0 0 0 -b 0b b -b  0  0 0 0 0 0b 0 b  - - 0 0 0 0 0(1,10,26) PAF=0 a b -b b b b -b -b -b b -bb -b 0 -b -b -b 0 0 0 -b 0b -b -b b  b    - 0b -b -b -b  -b  - -  0Table 2(ont.): Three variable sequenes and Length 11 whih yieldOD(44; s1; s2; s3).6
3 The methodNotation 1 For the remainder of this paper we use the following notations.1. N denotes the set of non negative integers.2. N k denotes the vetor spae N k = N N      N| {z }k times with elementsv 2 N k; vT = [v1; v2; : : : ; vk℄; vi 2 N ; i = 1; 2; : : : ; k:3. N k` will be the matrix spae with dimension k` and elements fromN . That is if M 2 N k` thenM = 266664 m11 m12 : : : m1`m21 m22 : : : m2`... ... ...mk1 mk2 : : : mk` 377775 = 266664 mT1mT2...mTk 377775with mij 2 N , mi 2 N `, i = 1; 2; : : : ; k, j = 1; 2; : : : ; `. 2In this paper we are interested in the onstrution of orthogonal designsusing four irulant matries in the Gorthals-Seidel array. Speially, forpositive integers s1; s2; : : : ; su and odd n, the method searhes for four iru-lant matriesA1; A2; A3; A4 or order n with entries from f0;x1;x2; : : : ;xugsuh that A1AT1 +A2AT2 +A3AT3 +A4AT4 =  uXi=1six2i! In (4)Denition 1 If A1; A2; A3; A4 are n  n irulant matries with entriesfrom f0;x1;x2; : : : ;xug and the rst row of Aj has mij entries of thekind xi, then the u  4 matrix M = (mij) is alled the entry matrix of(A1; A2; A3; A4): 2The elements of the entry matries satisfy the following onditions.(i) 4Xj=1mij = si for 1  i  u(ii) uXi=1mij  n for 1  j  4 7
Thus the rows of the entry matries refer to the variables xi and the olumnsto the irulant matries A1; A2; A3; A4 whih are onstruted from foursequenes of length n as desribed in Corollary 2.Denition 2 Suppose that the row sum of Aj is uXi=1pijxi for 1  j  4:Then the u  4 integral matrix P = (pij) is alled the sum matrix of(A1; A2; A3; A4): The ll matrix of (A1; A2; A3; A4) is M  abs(P ): The on-tent of Ai is determined by the i-th olumns of the sum and ll matries. 2The following theorem may be used to nd the sum matrix of a solutionof 4.Theorem 2 (Eades Sum Matrix Theorem) The sum matrix P of a so-lution of 4 satises PP T = diag(s1; s2; : : : ; su): 2For more details about the onstrution of orthogonal designs whih usesentry matries, see [3℄.Let D be an OD ( 4n ; u1 ; u2 ; : : : ; ut ) with entries from the setf0;x1;x2; : : : ;xtg where x1; x2; : : : ; xt are ommuting variables. Usingthe terminology of [3℄, the symbols Mi represent the non isomorphi entrymatries of the orthogonal design.Herein (beause we use many non isomorphi entry matries from dif-ferent orthogonal designs) we will use the type of the orthogonal design inthe symbol of the entry matries, so that seeing the entry matrix we an tellfrom whih orthogonal design it omes. For D we will write M(u1;u2;:::;ut);ifor its non isomorphi entry matries. Then we an write the entry matriesusing their rows as followsM(u1;u2;:::;ut);i = 266664 vT1vT2...vTt 377775 2 N t4; vj 2 N 4; j = 1; 2; : : : ; t:Let D(u1;u2;:::;ut) be the union of all non isomorphi entry matries of theorthogonal design OD(4n;u1; u2; : : : ; ut). We will write M(u1;u2;:::;ut);ijDuk;ujfor the entry matrix M(u1;u2;:::;ut);i after we eliminate all rows exept from8
rows k and j. That isM(u1;u2;:::;ut);ijDuk;uj = 264 vTkvTj 375 2 N 24:In order to illustrate the above notations and denitions we give thefollowing example.Example 2 Suppose we are searhing for the OD (4n ; u1 ; u2 ; u3 ; u4 ) =OD(20; 2; 3; 6; 9). There are three entry matries:M1 = 26664 1 1 0 01 1 1 03 1 2 00 2 2 5 37775 ; M2 = 26664 1 1 0 01 1 1 01 1 4 02 2 0 5 37775 ; M3 = 26664 1 1 0 01 1 1 01 1 2 22 2 2 3 37775 :Using our terminology these are:M(u1;u2;u3;u4);1 = 26664 1 1 0 01 1 1 03 1 2 00 2 2 5 37775 ; M(u1;u2;u3;u4);2 = 26664 1 1 0 01 1 1 01 1 4 02 2 0 5 37775 ;M(u1;u2;u3;u4);3 = 26664 1 1 0 01 1 1 01 1 2 22 2 2 3 37775 :With this terminology we an easily see that by setting the rst variableequal to zero (i.e. eliminating the rst row vT1 ) in the above entry matries,we obtain the following entry matries of an orthogonal designOD(20; 3; 6; 9):M(u2;u3;u4);1 = 264 1 1 1 03 1 2 00 2 2 5 375 ; M(u2;u3;u4);2 = 264 1 1 1 01 1 4 02 2 0 5 375 ;M(u2;u3;u4);3 = 264 1 1 1 01 1 2 22 2 2 3 375 :Similarly the entry matries of an orthogonal design OD(20; 5; 6; 9) obtainedby setting rst and seond variable be the same symbol (i.e. replaing rows9
vT1 ;vT2 by row vT1 + vT2 ) areM(u1+u2;u3;u4);1 = 264 2 2 1 03 1 2 00 2 2 5 375 ; M(u1+u2;u3;u4);2 = 264 2 2 1 01 1 4 02 2 0 5 375 ;M(u1+u2;u3;u4);3 = 264 2 2 1 01 1 2 22 2 2 3 375 : 2Now from [3℄ we have that from an orthogonal design over t variableswe an obtain an orthogonal design over t   1 variables by \killing" onevariable (i.e. setting one variable equal to zero) or \equating" two variables(i.e. setting two variables be the same symbol). If we do these many timeswe obtain the following lemma:Lemma 1 If an orthogonal design OD(4n;u1; u2; : : : ; ut) exist then the fol-lowing orthogonal designs exist:i) All orthogonal designs OD(4n;ui1 ; ui2 ; : : : ; uik) for all k = 1; 2; : : : ; t,over k variables and for all fi1; i2; : : : ; ikg  f1; 2; : : : ; tg.ii) All orthogonal designs OD04n; k1Xj=k0=1uij ; k2Xj=k1+1uij ; : : : ; kmXj=km 1+1uij1Aover m variables where 1  m  t, 1  ki  t, 8 i = 1; 2; : : : m,k1  k2  : : :  km, uij 6= ui`, 8 j; ` = 1; 2; : : : ; km and i 6= `,km[j=1uij  fu1; u2; : : : ; utg.Proof. By equating and killing variables we obtain the desirable result. 2>From the above lemma it is obvious thatCorollary 2 If there exist k : 1  k  t and fi1; i2; : : : ; ikg  f1; 2; : : : ; tgsuh that an orthogonal design OD(4n;ui1 ; ui2 ; : : : ; uik) does not exist thenan orthogonal design OD(4n;u1; u2; : : : ; ut) an not exist.10
Our method relies on searhing for OD(4n;uk; uj), 1  k; j  t, in twovariables, whih is muh faster, rather than using the matrix based algo-rithm, desribed in [3℄ for OD(4n;u1; u2; : : : ; ut), in t variables, whih ismuh slower. Then we use the extension algorithm to onstrut the orthog-onal design we want.Moreover we do not have to hek all non isomorphi entry matriesM(uk;uj);i but only a few of them. We also an selet the k; j in suh waythat we minimize the set of M(uk;uj);i we have to searh.4 The algorithmThis algorithm relies on the two previously mentioned algorithms (the ma-trix based algorithm and the extension algorithm) given in [1, 3, 5℄ and in[2, 4℄ respetively.Our new algorithm ombines features of both algorithms with a newresult given here for the rst time to obtain a new, muh faster, algorithm.It is an exhaustive searh algorithm (i.e if the orthogonal design exists itwill be found otherwise it does not exist onstruted from four sequenes).Let D be the orthogonal design OD(4n;u1; u2; : : : ; ut). The steps of ouralgorithm are:Step 0: Find all non-isomorphi entry matries M(u1;u2;:::;ut);i for Das it is desribed in [3℄.Step 1: For k; j 2 f1; 2; : : : ; tg; k < j nd all non-isomorphi entrymatriesM(uk;uj);i for the orthogonal designOD(4n;uk; uj):Step 2: For all the above  t2 ! ombinations hek ifM(u1;u2;:::;ut);ijD(uk;uj) is equal with anyM(uk;uj);` 2 D(uk;uj).Ignore similar matries M(u1;u2;:::;ut);ijD(uk;uj) produed af-ter using the two rows of M(u1;u2;:::;ut);i and eliminateall others rows. These are the matries that an beextended to M(u1;u2;:::;ut);i and thus these might produtthe orthogonal design D.
11
Step 3: Selet the k; j whih give the smallest number of entry ma-tries M(u1;u2;:::;ut);ijD(uk;uj ) :Step 4: Apply rst algorithm (matrix based algorithm) to the se-leted entry matries speied in Step 3, and nd allOD(4n;uk; uj):Step 5: For eah OD(4n;uk; uj) found in Step 4, apply the seondalgorithm (extension algorithm), by replaing eah zero bya unique variable xp, p = 1; 2; : : : ; 4n  (uk + uj):Step 6: Exhaustively searh all possibilities then if the solution ex-ists, it will be found, otherwise an OD(4n;u1; u2; : : : ; ut)does not exist onstruted by four sequenes.Example 3 We will apply our algorithm to searh for an orthogonal designD = OD(36;u1; u2; u3) = OD(36; 6; 7; 21).Step 0: The ten following matries are all the non-isomorphi entrymatries M(u1;u2;u3);i for D as it is desribed in [3℄:1)264 3 1 2 03 1 1 22 6 6 7 375 ; 2)264 3 1 2 01 3 1 24 4 6 7 375 ; 3)264 3 1 2 01 1 1 44 6 6 5 375 ;4)264 3 1 2 01 1 3 24 6 4 7 375 ; 5)264 1 1 4 03 1 1 24 6 4 7 375 ; 6)264 1 1 4 01 1 3 26 6 2 7 375 ;7)264 1 1 4 01 1 1 46 6 4 5 375 ; 8)264 1 1 2 23 1 1 24 6 6 5 375 ; 9)264 1 1 2 21 1 3 26 6 4 5 375 ;10)264 1 1 2 21 1 1 46 6 6 3 375 2Step 1: We have thatjD(u1;u2)j = 10; jD(u1;u3)j = 53; jD(u2;u3)j = 21Step 2: By setting the rst variable equal to zero (i.e. eliminating therst row vT1 ) we get only 5 non-isomorphi entry matriesM(u1;u2;u3);ijD(u2;u3)12
from the 21 entry matries of the orthogonal design OD(36; 7; 21). Thoseome from the matries M(u1;u2;u3);i numbered i=1,2,3,8, and 10 above bydeleting the rst row.By setting the seond variable equal to zero we get only 10 non-isomorphientry matries M(u1;u2;u3);ijD(u1;u3) from the 53 entry matries of the or-thogonal design OD(36; 6; 21). Those ome from the matries M(u1;u2;u3);inumbered i = 1; 2; : : : ; 10 above by deleting the seond row.By setting the third variable equal to zero we get only 10 non-isomorphientry matries M(u1;u2;u3);ijD(u1;u2) from the 10 entry matries of the orthog-onal design OD(36; 6; 7). Those ome from the matries M(u1;u2;u3);i num-bered i = 1; 2; : : : ; 10 above by deleting the third row.Step 3: Clearly in the ase k = 2 and j = 3 we have fewer entry matriesto hek than in any of the other ases, i.e ve.Step 4: Now we get all the quadruples of sequenes with PAF=0 orNPAF=0, whih an be used for the onstrution of OD(36; 7; 21), via theGoethals-Seidel Array. This is applied to all ve entry matries desribedin steps 2 and 3.Step 5: For eah OD(4n;uk; uj) = OD(36; 7; 21) found in Step 4, applythe seond algorithm (extension algorithm), by replaing the zero of thesequenes by the unique variables xp, p = 1; 2; : : : ; 8:We want to make lear that if an OD(36; 6; 7; 21) existed it would havebeen found. We did not nd any solutions by step 5 and thus, sine oursearh is exhaustive for the orthogonal design OD(36; 6; 7; 21), this designdoes not exist using four sequenes. 2Example 4 Applying our algorithm we try to nd the OD(36; 6; 8; 19) andthe OD(36; 7; 8; 19): There are 22 non-isomorphi entry matries M(6;8;19);iorresponding to the orthogonal design OD(36;u1; u2; u3) = OD(36; 6; 8; 19)and 22 for the seond orthogonal designOD(36;u4; u2; u3) = OD(36; 7; 8; 19).By setting the rst variable equal to zero we get only 17 non-isomorphientry matries M(6;8;19);ijD(u2;u3) for the OD(36; 8; 19).We observe that the matries M(6;8;19);ijD(u2;u3) are exatly the same asthe matries M(7;8;19);ijD(u2;u3) for the seond orthogonal design.Thus by searhing those 17 non isomorphi entry matries we an per-form an exhaustive searh for both orthogonal designs. Using the matrix13
based algorithm we would have had to hek 44 entry matries using threevariables for both designs.Applying our algorithm and following the same proess as in the previousexample we nd, among others, the following solutions, whih have PAF=0:OD(36; 6; 8; 19)b    0 b b b a    ab b   b b    a   b  a b   b   b   a   b b   a 0b   b   b    b   a b   a 0OD(36; 7; 8; 19)a   b   b   b    a      b   b   a a b      b b   b   b   b a a b b   b 0   a   b   b   b b a b 0 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